We calculate the DC Stark effect for three molecular hydrogen ions in the non-relativistic approximation. The effect is calculated both in dependence on the rovibrational state and in dependence on the hyperfine state. We discuss special cases and approximations. We also calculate the AC polarisabilities for several rovibrational levels, and therefrom evaluate accurately the black-body radiation shift, including the effects of excited electronic states. The results enable the detailed evaluation of certain systematic shifts of the transitions frequencies for the purpose of ultra-high-precision optical, microwave or radio-frequency spectroscopy in ion traps.
I. INTRODUCTION
The molecular hydrogen ions represent a family of simple quantum systems that are amenable both to highprecision ab-initio calculations [1, 2] and to high-precision spectroscopy. Therefore, they are of great interest for the determination of fundamental constants [3] , for tests of the time-and gravitational-potential-independence of fundamental constants [4, 5] , and for tests of QED [2] . On the experimental side, after early pioneering work on uncooled trapped ions and ions beams [6] [7] [8] , the sympathetic cooling of trapped molecular hydrogen ions [9, 10] has opened up the window for high-precision radio-frequency, rotational, and rovibrational spectroscopy. Precision infrared laser spectroscopy of two rovibrational transitions has been achieved [3, 11] , and the fundamental rotational transition has also been observed [12] .
Because of the advances in experimental accuracy, and in order to open perspectives for future work directions, it has become important to evaluate the systematic effects on the transition frequencies. It is an advantage of the molecular hydrogen ion family that the sensitivities to external fields can be calculated ab-initio. The systematic effects treated so far include the Zeeman shift [13] [14] [15] , the electric quadrupole shift [16] , and the black-body radiation (BBR) shift [18] . The electric polarisability of the rovibrational levels of the molecular hydrogen ions has been of interest for a long time. It was computed with high accuracy for a subset of levels by several authors, in particular [19] [20] [21] [22] [23] [24] . These calculations used adiabatic or non-adiabatic wave functions. Ref.
[20] reviews the experimental and theoretical values for the ground state of H in its ground state was performed by one of the present authors, by including the relativistic corrections [25] . The dependence of the polarisability on the hyperfine state has only recently been obtained [26] , for the case of HD + , and it was shown that the dependence is very significant. These results have permitted a first analysis of the potential for ultra-high accuracy spectroscopy of HD + and its suitability as an optical clock [16, 17] . In the present paper, extensive calculations of the polarisability are presented. Its dependence on the hyperfine state is derived in a more elegant way and discussed in depth, both for HD + and H + 2 , since it is of great relevance for experiments.
While the BBR shift is tiny, it will eventually become of relevance for experiments requiring the highest levels of accuracy, such as the mentioned test of time-independence of fundamental constants. Therefore, this shift is also computed in detail. Results for H + 2 are presented for the first time. In addition, the case of HD + is treated extensively, in view of the current experimental interest in this molecule.
This paper is structured as follows: In Sec. 2 we briefly review the calculation approach for the polarisability of the molecular hydrogen ions, neglecting spin effects. We define the effective Hamiltonian and present the tables of polarisabilities. In Sec. 3 we introduce the hyperfine structure and discuss the computation of the DC Stark shift in dependence of the spin state. We also give a number of useful approximations. Sec. 4 presents detailed results for a large number of hyperfine states potentially relevant for high-precision spectroscopy. In Sec. 5 we discuss the energy level shifts induced by the oscillating (AC) electric field of the black-body radiation, which we accurately evaluate by taking into account the precise frequency dependence of the polarisability.
II. EVALUATION OF THE POLARISABILITY
A. Non-relativistic polarisability. Spin-independent spatial considerations For the purposes of evaluating the systematic effects in spectroscopy, it is at present sufficient to use the nonrelativistic approximation to the polarisability. Therefore, we start from the non-relativistic Schrödinger equation:
where M 1 and M 2 are the masses of the nuclei (proton or deuteron), R is the internuclear distance, r 1 and r 2 are the distances from nuclei 1 and 2 to the electron, respectively. The state Ψ 0 = |v L is the unperturbed state characterized by the vibrational and rotational quantum numbers v, L, and E 0 is its energy. The interaction with an external electric field E in the dipole interaction form is expressed by
where d is the electric dipole moment of the three-particle-system, R 1,2 and r are the position vectors of the nuclei and of the electron with respect to the center of mass.
Since the static or quasi-static electric fields present in an ion trap, and also the electric field of the radiation from continuous-wave lasers and from the black-body environmental radiation are typically weak, it is sufficient to apply second-order perturbation theory for the calculation of the polarisability. The energy shifts that result are typically at the level of 1 Hz, orders of magnitude smaller than the rotational or hyperfine splittings. For effects of higher-order in the external electric field, see Ref. [24] .
The change of energy due to the polarisability of a molecular ion is expressed by
where α ij d , the polarisability tensor of rank 2, has been introduced,
The static dipole polarisability tensor is then reduced to scalar, α s , and tensor, α t , terms, which may be expressed in terms of three contributions corresponding to the possible values of of the rotational angular momentum quantum number of the intermediate state:
where L is the rotational quantum number of the state under consideration, E p is the non-relativistic energy of the intermediate state |p
The polarisability tensor may be expressed as
where L i are the Cartesian components of the rotational angular momentum operator,
z , and
.
We may also define longitudinal (α ) and transverse (α ⊥ ) polarisabilities
The definition of α ⊥ as given above is reasonable, since axial symmetry requires that the matrix elements of L 2 x and of L 2 y are equal. Thus, the polarisabilities α and α ⊥ actually involve the expectation value of only a single operator, which has an alternative representation as the 0-component of the rank-2 tensor
In Sec. III, we will evaluate the polarisabilities of the hyperfine states of a given ro-vibrational level. The approximation we will use consists in introducing the polarisability operator, which holds in a manifold of given L,
Here, we have included the explicit dependence of the coefficients α s , α t on the vibrational and rotational quantum numbers v, L. In the following, we will explicitly consider the polarisability anisotropy operator,
B. Numerical results
Wave functions of the rovibrational states in the molecular hydrogen ions are obtained by using the variational approach expounded in Ref. [25] . Briefly, the wave function for a state with a total orbital angular momentum L and of a total spatial parity π = (−1)
L is expanded as follows: where the complex exponents α, β, γ, are generated in a pseudo-random way. The use of complex exponents instead of real ones allows reproducing the oscillatory behavior of the vibrational part of the wave function and improves the convergence rate. In numerical calculations we utilize basis sets as large as N = 7 000 functions , in order to provide the required accuracy for the static polarisability of about 8 significant digits.
We note that a variational principle holds for the numerical value for α s (but not for α t ): the larger the value, the closer it is to the exact (non-relativistic) value, provided that the initial wave function is accurate enough.
The results of numerical calculations of the polarisabilities for a wide range of ro-vibrational states are presented in Tables 1, 2, 3. These polarisabilities do not include relativistic corrections. These have so far been computed only for the ground rovibrational level (v = 0, L = 0) of H + 2 [25] . Therefore, the relative inaccuracy of the values of the table as compared to the exact values is of order α −2 ≃ 1 × 10 −4 . This is sufficiently small for current and near-future purposes.
C. Scaling with rotational angular momentum
For large L, we find for HD + ,
This follows from an argument described below after Eq. (25) . [26] (which are there given in terms of α
vLF SJ Jz )/3 (where any hyperfine state (F, S, J, Jz) can be chosen) and αt(v, L) = (α
vLns )/L(2L − 1), where ns denotes the stretched state, defined in Sec. III C 3.
We have found heuristically, that for H
D. Comparison with previous work
Contribution from the ground electronic state
An approximation to the polarisability can be obtained using the well-known sum-over-intermediate-states expression, where the sum is truncated to a subset of levels. For HD + , such a calculation has been performed using transition dipole moments computed in the Born-Oppenheimer approximation [26] , including in the sum only levels of the ground electronic state (the inaccuracy of the used dipole moments is mentioned further below). At first sight, it may appear that the polarisability of a level (v, L) in HD + is dominated by the contribution from the rotational levels adjacent in energy to the particular state, namely (v, L ± 1). This is evidently true for L = 0 levels. However, for L = 0, there is partial cancellation of the two contributions from L ′ = L ± 1. Even then, the α t values indeed arise essentially from the rovibrational transitions. However, the α s (L > 0) values are actually dominated by the contribution from the excited electronic states. The comparison of the accurate results given in the tables above with the truncated-sum results allows putting in evidence the contribution from the excited electronic states. The comparison is shown in Table IV , showing that for low-lying rovibrational levels (v, L < 5), the difference is of order several atomic units for α s and less than 2.5 atomic units for α t . The increase of the difference with v is due to the fact that the contributions from excited electronic states become more important since the level v is getting closer in energy to them.
For the homonuclear H + 2 and D + 2 the polarisability arises only from the excited electronic states, since there is no electric-dipole coupling between levels of the ground electronic state. As a consequence, the polarisabilities α s (L = 0) and α t (v, L) are much smaller than in the case of the heteronuclear ions, as has been noted in previous studies cited above.
General calculations
We can compare our results with some previous studies. Early on, Bishop and Lam [19] 
III. PERTURBATION THEORY FOR THE HYPERFINE STATES A. Energy shifts
The hyperfine interactions split each rovibrational level into a number of hyperfine sub-levels. We denote the corresponding kets as |m = |v L n J z , where n is a label for the particular hyperfine state in a rovibrational level (v, L) (note that this notation includes both pure and non-pure spin states). n is written as (F, S, J) for HD + and (I, S, J) for H + 2 , see Sec. III B below. When the Stark shifts of the quantum levels are small compared to other shifts, we can apply first-order perturbation theory. The Stark energy shift of a state |m can be expressed in different ways (for simplicity, in the following we omit the caret on the polarization operators) [28] :
where θ is the angle between the quantization axis and the direction of the electric field E. In Refs. [16, 26 ] the levels shifts were described in terms of longitudinal polarisability, α (l) , and transverse polarisability α (t) . They are related to the expectation values of the operators introduced here by m|α |m = α (l) and m|α ⊥ |m = α (t) .
B. Hyperfine structure
We limit ourselves in the following to the ion species H + 2 and HD + , which are most relevant for experimental work at present.
In case of the molecular ion H + 2 we have identical nuclei and nuclear permutation symmetry. This makes some spin configurations forbidden and splits the consideration of hyperfine states into two cases (see [29] ): for even L, the total nuclear spin I is zero and only two hyperfine sub-levels are possible; for states with odd L, the total nuclear spin is one and the ro-vibrational level is split into 5 or 6 hyperfine sub-levels, depending on the value of L.
The most suitable coupling scheme of angular momentum operators is
where I is the total nuclear spin operator, and s e is the electron spin operator. The basis states which correspond to this coupling are
and will be called pure states [30] . The effective HFS Hamiltonian is expressed as [29] 
For the case of even L, the pure states are the true HFS eigenstates, since the 2×2 effective HFS Hamiltonian matrix is diagonal. Even for odd-L states, the pure states are good approximations to the true HFS states [30] , since the coefficients of admixture of other states to a given true HFS state are small, e.g. for L = 1 do not exceed 0.04, and for L = 3 do not exceed 0.06. This means that even in this case, a good approximation for expectation values such as Eq. (14) may be obtained using the pure states. For the hydrogen molecular ion HD + the coupling scheme of the particle angular momentum operators is [31]
I p , I d are the proton and deuteron spin operators, respectively. The effective Hamiltonian is given in Ref. [31] . The pure states are determined in a similar way as in Eq. (16) . In zero magnetic field, the pure states represent a good approximation to some of the true HFS states, and may be used to calculate approximate values of the polarisabilities. Details are given in Sec. IV below. Hyperfine states are labeled by n = (F S J).
C. Analytical results
In this subsection we discuss some useful results that allow to understand several dependencies. In particular we discuss the polarisabilities of the pure spin states, for two reasons. First, a significant part of hyperfine states may be well approximated by pure spin states; second, since all hyperfine states can be expressed as weighted sums of pure spin states, their polarisabilities can conveniently be computed from the pure state polarisabilities.
Zero magnetic field
When the magnetic field is zero, the total angular momentum squared J 2 commutes with the hyperfine Hamiltonian and J is a good quantum number. Therefore we can apply the Wigner-Eckart theorem, and separate the J zdependence of the expectation value:
We therefore obtain the J z -dependence of the polarisability anisotropy as follows:
Note that this result holds both for pure and non-pure spin states. It follows that for J = 0 states, the polarisability anisotropy is zero. For HD + , J = 0 states can only occur for L < 3, since the minimum J value permitted by angular momentum algebra is L − 2. For H + 2 , there are no such states, since J is a half-integer number.
Pure states
For pure angular momentum states, the matrix elements of the polarisability anisotropy can be evaluated explicitly. Considering only the coupling scheme J = S + L, we have (note that this is independent of I or F )
where
This result is obtained using the following relations [32, 33] 
In H + 2 we consider first the states having even L, so I = 0. Then S = 1/2. These pure states are exact HFS eigenstates, and therefore Eq. (21) immediately gives the exact Stark shift using Eqs. (14, 20) :
with
For pure states with odd L (and therefore I = 1):
where D is given by Eq. (22) . We see that the actual value of I does not occur on the r.h.s., and that we obtain the same result as for the I = 0 pure states. Eq. (23) is an approximate result also for the odd-L hyperfine states of H 
We note that Roeggen [34] has developed an approximate theory of the polarisability of heteronuclear diatomic molecules with spin, neglecting nuclear spin. If we combine our Eq. (25) and the approximate dependencies Eq. (12) we reproduce the result given in Eqs. (62, 63) of Ref. [34] .
The stretched states
The stretched states are those exact HFS states having maximal total angular momentum J and maximal (absolute) projection |J z |. These are also pure states. In HD + , these are the states |v L n s , where n s denotes the stretched hyperfine state:
Compare the discussion in Ref. [16] . In H
. The same result Eq. (26) is obtained.
By evaluating the polarisabilities of all hyperfine states, we find that if L > 1, the largest value of m|α − α ⊥ |m within a rovibrational level occurs for the stretched states (see tables below). Therefore, in the following discussion, we normalize the polarisability anisotropy values of any hyperfine state in a particular rovibrational level relative to that of the stretched states in that same level.
For HD + , combining the result Eq. (26) for the stretched states with the approximate behavior Eq. (12), we obtain
This describes a rather strong decrease in the magnitude of all anisotropic polarisability values, not only those of the stretched-states, with increasing L.
IV. NUMERICAL RESULTS FOR THE HYPERFINE-STATE DEPENDENCE
The evaluation of the matrix elements of Eq. (10) for all (exact) hyperfine states is straightforward, once the hyperfine states in absence of electric field are known. The calculation can for example proceed by considering the expansion of the hyperfine states in pure states, and then applying Eq. (25) , which holds for the pure states of any molecular hydrogen ion. Actually, the matrix elements are the same (apart from prefactors such as α t ) as the matrix elements for the electric quadrupole shift evaluated in Ref. [16] , and an explicit formula is given there.
We have performed the computation for the rovibrational levels up to v = 4 and L = 4. Note that the polarisability anisotropy vanishes for L = 0 states and is therefore not reported in the tables. We confine ourselves to the case of zero magnetic field.
The results are summarized in table V and table VI where we give the values for the hyperfine states having J z = 0. The values for J z = 0 can be easily obtained using Eq. (20). Note that for a given hyperfine state and value of L the dependence on v is usually weak, limited to several percent, except for a few cases.
By looking at the values in the Tables V, VI, one can see that the approximation that the polarisability does not depend on F is quite good for some hyperfine states, and moderate in others, which is due to their more or less pure character. In order to obtain values accurate to better than one atomic unit for HD + , because of its large values of α t it is necessary to use the exact hyperfine dependence of the polarisability anisotropy,
The results for H + 2 in odd -L states are shown in Table VII . We can see that in this species, the anisotropic polarisabilities are always very close to those of the pure states. The maximum deviation is approximately 0.01 atomic unit. Thus, for current purposes, for H + 2 one may use Eq. (25) for all rovibrational levels. , at T = 300 K. The total BBR shift is obtained by adding the values in the third and fourth columns.
V. THE BLACK-BODY RADIATION FREQUENCY SHIFT A. Generalities
The black-body radiation (BBR) shift of a level m is computed as
if the BBR electric field is unpolarized. The contributions from the magnetic field are neglected. Therefore, under this assumption and because of the small hyperfine splittings compared to the (smallest) rotational levels splitting (20 MHz versus 1 THz, i.e. 2 × 10 −5 in relative terms), the BBR shift is to a high approximation equal for all hyperfine states of a given rovibrational level.
B. Approximate treatment

Homonuclear ions
We may approximate the polarisability of the homonuclear ions by its zero-frequency value:
where the values are given in the Tables II and III 
(In this expression, the value of α s in atomic units is to be multiplied by the value of 4πǫ 0 a 3 0 in SI units). A polarisability of 1 atomic unit gives a frequency shift of −8.6 mHz at 300 K. The shifts of several selected rovibrational levels are given in Table VIII .
Heteronuclear ions
For the heteronuclear ions, we express the polarisability as
Here, δα s,dyn,elec ((v, L), ω) is the frequency-dependent contribution from the excited electronic levels. It does not include the frequency-independent part, which is instead included in α s ((v, L), 0). Both δα s,dyn,elec ((v, L), ω) and δα s,dyn,rv ((v, L), ω) are defined so that they vanish at ω = 0. The frequency-dependent contributions from E1 
rovibrational transitions within the ground electronic state are important and give rise to [18] ,
In this sum, the value of L ′ can only take on the values L ± 1, due to the selection rule. Again, α s ((v, L), 0) is the variational calculation result. As a first approximation, we can neglect δα s,dyn,elec , as done above for the homonuclear ions, since the transitions to the excited electronic states are of similar character. This neglect will be corrected in the next subsection.
The total BBR shift is
We first discuss the dynamic rovibrational contribution to the BBR shift,
which we have computed for levels up to v max = 10, L max = 5, extending the results of Ref. [18] , which considered levels with v max = 7, L max = 1. In this computation, it is important to use the most accurate transition dipoles values available, in order to reach a sufficient absolute accuracy in the polarisability and BBR shift, since partial cancellations occur in Eq. (30). For v < 6, L < 6 we use the precise transition dipoles of Tian et al. [35] , based on variational wave functions. Their fractional inaccuracy is stated as smaller than 1 × 10 −6 , and is less than that of our previously published values in Ref. [14] . As a check, we have recomputed the transition dipole moment of (v = 0, 
parts in 10
4 with their results. As energy differences E v,L − E v ′ ,L ′ we use the precise energies including QED corrections [36, 37] when v < 5, L < 5, and otherwise the values of Moss [38] . Table X (a) presents the relative value of the dynamic rovibrational contribution. We see that for the L = 0 levels a strong cancellation between the (particularly large) contributions ∆E stat ((v, L = 0), T ) and ∆E dyn,rv ((v, L = 0), T ) occurs, which results in a small BBR shift. In absolute terms, the BBR shift value is seen to grow with v and with L; see part (b) of the Table. The absolute values are in the range of 1 mHz to several tens of mHz, for v = 0 . . . 6 and moderate L.
For v < 6 we estimate the inaccuracy of ∆E dyn,rv ((v, L), 300 K) to be less than 10 −7 Hz, since the individual contributions to the sum are less than 0.1 Hz in absolute value. The values of ∆E stat ((v, L), 300 K) are smaller than 0.1 Hz in absolute value, and their inaccuracy is determined by the inaccuracy of our α s ((v, L), ω = 0) values. The inaccuracy is thus less than 10 −6 Hz. However, the non-relativistic approximation implies that both α s ((v, L), ω = 0) and the transition dipoles are only accurate to the 1 × 10 −4 fractional level. Then , the theoretical inaccuracy of the BBR shift, assuming the last term in Eq. (31) is negligible, may be stated conservatively as less than 3×10 −5 Hz for the levels v < 6, since the shift and its uncertainty is mostly determined by three contributions, each with approximate uncertainty of 1 × 10 −5 Hz. For v ≥ 6, taking into account that the transition dipoles values are calculated in Born-Oppenheimer approximation, the overall inaccuracy is estimated at 6 × 10 −5 Hz. From an experimental point of view, the temperature derivative of the BBR shift is an important quantity, since the temperature of the BBR field in an ion trap has a relatively large uncertainty, due to the difficulty in determining it experimentally. For H + 2 this derivative can be trivially obtained from Eq. (28) , while the results for HD + are given in Tab. X (c, d). We find a strong variation between levels. Only for levels having larger v and L the normalized derivative is close to the value 4/T corresponding to a purely static BBR shift, Eq. (28).
C. Variational results
For several levels of both H + 2 and HD + we have computed the dynamic polarisability α s,var (ω) (and α t,var (ω)) directly, using variational wave functions. For one particular level of HD + , the polarisability α s has been computed up to large frequencies, see Fig. 1 . The calculation was performed using the complex coordinate rotation method [39, 40] . This overview clearly shows the dominating contributions from the rovibrational levels when ω is small whereas for large ω the excited electronic states yield a broad dispersive resonances. The low-frequency tail of this resonance, as ω → 0, is responsible for giving rise to ∆E dyn,elec .
For several other levels, the computation was performed up to an angular frequency ω = 0.1 atomic units, in steps of 10 −5 atomic units. The results are given in the additional material available online [41] . Since the computation was done in the non-relativistic approximation, the fractional inaccuracy of the values with respect to the exact values is approximately 1 × 10 −4 . This is then also the fractional inaccuracy of the BBR shifts computed from this data.
H + 2
For H + 2 , we can compare our values of the scalar polarisability with the calculation by Pilon, who has communicated the values at six different frequencies [42] . The values agree, with deviations of at most 2 × 10 −6 atomic units in the L) , T ))/dT , at 300 K, in mHz/K; (d) the normalized temperature derivative of the total BBR shift, (T /4) × (∆Estat + ∆E dyn,rv ) −1 × d(∆Estat + ∆E dyn,rv )/dT , at 300 K. These results are non-relativistic and do not include the frequency-dependent contributions ∆E dyn,elec from excited electronic states, which are given in Tab. XI.
range ω ≤ 0.08.
We show in Fig. 2 the frequency-dependent part of the polarisability of one level of H The dynamic electronic BBR shift corrections ∆E dyn,elec computed from the variational data (with an integration analogous to Eq. (27) ) are shown in Table VIII . We see that the correction is small in relative terms, 1 × 10 −4 for v = 0, increasing to 4 × 10 −4 for v = 3. It is very weakly dependent on L. Nevertheless, these results show that the dynamic contribution should not be omitted even within the non-relativistic approximation. When it is included, the overall inaccuracy is limited by the non-relativistic approximation to approximately 1 × 10 −4 fractionally. For v < 6, L < 6 the total BBR shift is smaller than 0.1 Hz. Therefore, the absolute error is less than 0.01 mHz.
HD
+
For HD
+ , a comparison of the variational dynamic polarisability α s,var,HD + (ω) with the approximation α s,HD + (ω) = α s (ω = 0) + δα s,dyn,rv (ω) is depicted in Fig. 2 , which shows their difference. In evaluating the approximation, we have used both the transition dipoles of Tian et al. [35] and their non-relativistic energies, since also the variational polarisability was computed in non-relativistic approximation. The agreement is very good, except for small deviations near the transition frequencies (whose nominal contribution to the BBR shift is only of order 1.5 × 10 −3 mHz), and a frequency-dependent contribution from the excited electronic states, which is again closely quadratic in frequency.
We have fitted a simple quadratic plus cubic polynomial to the difference α s,var (ω) − α s,HD + (ω) between variational and approximate frequency-dependent polarisability, over the frequency range ω min (v, L) to 0.05 at. u. Here, ω min (v, L) is chosen appropriately so as to allow an accurate fit. These fits represent an approximation to δα s,dyn,elec ((v, L), ω) for frequencies from 0 to 0.05 at. u. The fits are shown in Tab. XI. The contribution of the cubic term is seen to be small compared to the quadratic one for the range of frequencies relevant for the BBR shift at 300 K. Tab. XI gives the corresponding contributions to the BBR shift, to be added to the other two contributions given in Tab. X. The error in the values of ∆E dyn,elec due to this fit treatment is on the order of 0.001 mHz. We see that this BBR shift contribution again varies weakly with L, but significantly with v and that for levels with v = 3 it reaches 1 × 10 −5 Hz. Therefore, it needs to be taken into account even within the non-relativistic approximation, if no loss of accuracy is desired. When this is done, the total error of the BBR shift due to the non-relativistic approximation is expected to be 1 × 10 −4 fractionally, or less than 0.03 mHz for the low-lying levels of HD + , v < 6.
VI. CONCLUSION
We have computed the non-adiabatic static polarisabilities of the molecular hydrogen ions HD + , H + 2 , and D + 2 , extending significantly previous results, mostly limited to rovibrational levels with rotational angular momentum L = 0, 1. For a number of rovibrational levels, we have also computed the frequency-dependent non-adiabatic polarisability.
The dependence of the polarisabilities on the hyperfine state has been derived and discussed in detail. We have pointed out the special case of the pure states, for which a simple analytical result has been derived. This result is actually a very good approximation for all hyperfine states of H + 2 . The hyperfine-state-dependence is of crucial importance if a detailed understanding of the systematic shifts of transition frequencies is to be performed.
We have also computed the shifts induced by the black-body radiation field, and their temperature derivatives. Emphasis has been given here to achieve high numerical accuracy. The effective relative inaccuracy of our computed values is about 1 × 10 −4 due to the neglect of relativistic corrections. For for H + 2 and D + 2 this translates in an absolute inaccuracy of 0.001 at. u. for all levels with v < 6, L < 5. For HD + in L = 0, 1 levels the inaccuracy is less than 0.1 at. u., and in L ≥ 2, it is less than 0.003 at. u.. An inaccuracy of 0.1 atomic unit is sufficiently low to allow evaluating the Stark shift with a theoretical error corresponding to the 10 −18 fractional frequency level, given the typical electric field values in ion traps.
In order to obtain accurate values of the black-body radiation shift, we have used accurate values of the transition dipoles and we have analyzed the importance of the contributions from excited electronic states. We estimate the inaccuracy of the shifts to be less than 0.03 mHz for levels with v < 6, L < 6, at 300 K, for both HD + and H + 2 . This corresponds to theoretical fractional frequency errors on the order of 1 × 10 −18 . Using the present results it becomes possible to identify theoretically transitions having low sensitivity to external fields [16, 17] . This represents an important aspect in the future spectroscopy of the simplest stable molecules.
